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Abstract 
According to the macro-econometric literature, the impact of exogenous oil 
price shocks on Inflation have greatly increased in the last two decades 
throughout OECD countries while the persistence of those shocks on long-term 
inflation, namely core inflation, has dramatically decreased. In the meantime, 
the market for inflation derivatives soared, spurred by a revival of the primary 
inflation-linked bond market. As the contribution of core inflation to the total 
headline inflation volatility bottomed, most of the volatility of headline 
inflation should thus be explained by changes in the spread between headline 
and core inflation indicators: a factor closely linked to commodity markets. 
This economic analysis should have important financial arbitrage implications 
in the futures market: are exogenous shocks on oil futures markets incorporated 
into zero coupon inflation indexed swap prices? To investigate this issue, we 
propose on the one hand a four-factor model for both inflation and nominal 
rates, and on the other hand a two-factor model for commodities. We proceed 
to an empirical estimation of the model using prices of oil futures contracts and 
inflation breakeven rates from which we can in particular extract a synthetic 
core inflation forward curve. 
 
Keywords: Inflation, Core Inflation, Commodity Futures, Oil Futures, Breakeven Inflation 
Rates, Cross-Hedging, Inflation Pass-Through, Multi-dimensional Gaussian Model, Signal 
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1. Introduction 
Barely two decades ago, few papers would have endeavored to model the joint evolution of 
Core Inflation (CI) and Headline Inflation (HI) as the former was but a lagged indicator of the 
latter [17]. A basic Lag Operator would most probably have been an efficient modeling 
framework. Indeed, while the headline inflation measure derived from the evolution of the 
Consumer Price Index (CPI) became a household name for market practitioners and journalists, 
its Core Inflation counterpart derived from the CPI excluding Food and Energy prices remained 
mostly unknown except for a few central bankers and monetary economists. Moreover, and as a 
lasting legacy of the seventies’ oil shocks, we have come to accept that exogenous oil price 
shocks (EOPS) are the driver of long term inflation. Thus, we used to firmly believe that any 
spread between the two was consistent with the lag induced by the pass-through of EOPS to the 
general level of prices in the economy. The effect of which should be persistent, thus leading CI 
to catch up with HI’s level and thereby closing the spread between both inflation measures as 
illustrated by Figure 1. Yet, a structural macroeconomic shift that took place in all industrialized 
economies during the late eighties would challenge this status quo as [1] explained in their 
seminal paper. 
 
Figure 1: US’s headline vs. core inflation compared to the real price of oil over 40 years. 
 
 
As advanced economies worldwide transformed themselves profoundly during the eighties, 
particularly through the rapid development of services to the detriment of energy hungry 
industrial activities, the energy intensity of output dropped. Moreover, during those years, new 
monetary policies in the form of inflation targeting were progressively put in place and seemed to 
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have performed better than previous ones at reducing the macroeconomic impact of EOPS. 
Additional evidence of relaxation of nominal wage rigidity all feed into the macroeconomic 
regime change evidenced by [1]. The consequences of which being that during the last decade, 
EOPS have had virtually no impact on CI as is strikingly evidenced by both [15] and [3] even 
though their impact on HI had greatly increased according to [1]. As a result, we now have to 
deal with an increasingly more volatile HI which, however, mean reverts to the level of the CI 
[9], which has become increasingly stable in the meantime. 
As evidenced by [8], the absence of EOPS pass-through into CI has several interesting 
implications for portfolio management: the first of which being that while the historic correlation 
between a proxy of traded commodities (GSCI-TR index) and CI is extremely low, conversely its 
correlation with the (HI-CI) spread has been extremely high (significantly above 80%). The 
second one is that since CI became very stable while HI became increasingly volatile, the share 
of the variance of HI explained by changes in CI is fairly low (slightly under 16%), thus 
highlighting the increasing role of commodities as the driver of inflation volatility even if its 
long-term level is determined by CI as a result of the mean reversion of [9]. Modeling the HI-CI 
spread, itself intrinsically linked with commodities, is clearly of the essence if we want to 
investigate cross-hedging possibilities between commodities and inflation derivatives. 
Most inflation derivatives existing today were designed in the early eighties, at a time when 
choosing between core and headline inflation measures was not really an issue. The development 
of new products using CI as an underlier has been severely curtailed by the fact that it is currently 
an untraded quantity, thus also lacking a mark-to-market (MtM) reference valuation. HI-linked 
derivatives have been arbitrable because there is a primary market for HI, which is mostly made-
up of inflation-linked government bonds from which can be extracted a forward curve for HI 
called the Breakeven Inflation rate curve (BEI), which enables the development of the inflation-
linked derivative market. As appealing as CI-linked instruments might look for sophisticated 
investors, the lack of a primary market is a true hindrance. It should be noted that there exists a 
measure of expectations regarding future core inflation in the form of the quarterly Survey of 
Professional Forecasters (SPF) conducted by the Philadelphia’s Federal Reserve. It is nonetheless 
a very low frequency indicator compared with BEIs which can be obtained instantaneously from 
market quotes, and its reliability is subject to the honesty of contributors, not on any indisputable 
transaction price. A first attempt at providing this service was done by Deutsche Bank in 2012 
when they launched an investable proxy of the US’s CI. The proxy forward curve for CI was 
obtained using a linear regression model applied to an energy futures index and an inflation 
futures index [12]. Yet, this still falls far short of an outright model which could extract a market-
based price for core inflation: a proxy for a Core Breakeven curve. 
Cross-Hedging of Inflation Derivatives on Commodities 
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Figure 2: Slope of the Breakeven inflation curve (2Y-10Y) vs. 2Y oil future. 
 
 
Figure 3: 10Y BEI vs. the 3Y CI forecast from the SPF. 
 
 
Modeling CI and HI, either together or independently is now common practice. But as we 
mentioned earlier, little attention has been given in the literature on the forward aspect of CI, and 
even less so on its interactions with the forward HI curve or the forward crude oil curve. Yet, 
hedging derivatives is precisely performed on valuations and sensitivities with respect to forward 
curves, not spot prices. Thus any cross-hedging strategy should be made according to a model of 
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this joint future evolution. Building upon the macroeconomic arguments and their econometric 
consequences presented above, we aimed to design a parsimonious model for the joint evolution 
of CI and HI based on the following hypothesis: 
One of the US Federal Reserve’s mandates is to ensure price stability. Though many academics 
present CI as the most eﬃcient monetary policy target as in [13] or [17], there is a carefully 
managed ambiguity regarding the precise nature of the targeted inflation measure. Yet, if we are 
to believe that the Federal Reserve monetary policy is successful, it seems reasonable to assume 
that CI mean reverts to the target of the Fed. We thus chose a simple Vasicek model [16] to 
model a core factor c which should thus be constrained to mean revert around the targeted 
inflation value ߠ௖ with speed ݇௖. 
 The mean reversion property of HI to CI evidenced by [9] led us to model HI as a time 
series reverting around the CI anchor at speed ݇௜. Since [8] showed that the HI-CI spread 
is strongly cointegrated to traded commodities, it opens a way to link our inflation model 
to the desired commodity market, thus also reflecting [1] findings on the major role of oil 
prices on inflation’s volatility. 
 As we want to extend [8] work into futures markets, we aim to link the HI-CI spread with 
commodity futures. To simplify our modeling, we chose to reduce the commodity 
universe to crude oil futures which are both very liquid and there is an easily available 
historic dataset. Yet, even if crude oil futures are heavily traded, they experience a very 
significant level of volatility, the magnitude of which greatly dwarfs that of inflation 
indices. To extract a much less noisy equilibrium price from the volatile market quotes, 
we used the model of [14], as well as their filtering procedure to reduce the information of 
oil futures prices to a set of underlying state variables. 
We aim to calibrate our model to relevant market information which is made up of the 
forward HI curve and oil futures. We expect the calibrated model to exhibit the following 
properties: 
 As a result of its mean-reversion property, HI should converge toward the forecasted CI 
long-term level. Thus the long BEI should be used to calibrate the CI proxy BEI as can 
partially be seen in Figure 3. 
 Since oil price movements should impact the short end of the curve more than the long 
one, the slope of the curve should be a relatively good proxy to calibrate our head-core 
spread factor. This intuition is validated by  
 Figure 2. 
The paper is organized as follows, section 2 presents a factorial model for inflation and 
nominal market. Section 3 describes the estimation procedure for the model. We propose a 
pragmatic estimation procedure which requires a minimal set of assumptions and “tests” the 
Cross-Hedging of Inflation Derivatives on Commodities 
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t
model from a phenomenological point of view only relying on the functional representation of 
the HI forward curve and the nominal yield curve. We also apply Kalman filtering to the model. 
Section 4 briefly presents the commodities model of [14]. Section 5 presents the results of the 
estimation and links the signal extracted from the inflation market with the ones extracted from 
the commodities market. 
 
2. A factorial model for Inflation  
In this section we build a factorial model for Inflation. The pricing of Inflation derivatives 
cannot be made without a model for the nominal discount curve. Classic approaches such as [11] 
model inflation as the exchange rate between the nominal and the real economy, instead we 
model inflation directly as a traded asset. Though this assumption is inconsistent with market 
reality2, it leads to very similar formulae for ZCIIS prices. We only apply our model to study the 
phenomenology of the market inflation forward curve and do not use it for accurate and 
consistent pricing of inflation derivatives instruments. This allows assumptions to be simplified; 
in particular it allows us to neglect the convexity adjustments coming from the lag between the 
date of observation of the inflation index and the payment date of the coupon in the derivative. 
 
2.1. Dynamic assumptions 
In all the following we consider a continuous trading economy with a trading interval 
ሾ0, ܶ∗ሿ for a fixed ܶ∗ ൐ 0 The uncertainty in the economy is characterized by a probability space 
ሺΩ,࣠	, ܲ	ሻ. Information evolves according to the augmented filtration ሼ࣠௧ሽ௧∈ሾ଴,்∗ሿ generated by a 
݀	 ൅ 	2 - dimensional standard Brownian motion ܹ. We assume that the market is arbitrage-free 
which implies the existence of an equivalent martingale measure ܳ under which discounted asset 
prices are martingales. We directly model the dynamics of the underlying state variables under 
this measure. 
We consider a vector dynamics ሺ݅௧, ܿ௧, ܺ௧் ሻ, where ܺ	is a vector process in Թௗ . The 
dynamics under the risk-neutral measure is given by 
݀ ൭
݅
ܿ
ܺ
൱ ൌ ቌ
݇௜ሺܿ െ ݅ሻ
݇௖ሺߠ௖ െ ܿሻ
ܭ௑ሺߠ௑ െ ܺሻ
ቍ݀ݐ ൅ Σܹ݀ 
Where Σ ∈ ௗࣧሺԹሻ. We then assume that the nominal spot rate is given by 
                                                            
2 Note that assuming the existence of a real market with traded real assets is no better assumption in terms of 
realism. 
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8 
 
The und
Th
ZCIIS a
specifica
ܺݐ	are d
 
2.2. Mo
Th
classic l
the mean
(the lon
variable
as the m
instantan
is the m
to econo
viewed 
extrapol
 
2.3. Yie
Th
refer to 
emaire & E
erlying ma
e model be
re explicit f
tion, the fa
riving the n
del interpr
e state vari
inear Gauss
 reversion 
g term rate
s is similar.
arket equ
eous HI ex
ean to whic
mic literat
as a mark
ated by our
ld and bre
e expressio
[2] for furth
. Palidda 
rket inflatio
longs to the
unctionals o
ctors ሺ݅ݐ	, ܿ
ominal bon
etation 
ables of the
ian model 
parameters
, the slope
 The factor 
ivalent of 
trapolated b
h HI revert
ure, HI sho
et indicato
 model from
akeven cur
n of nomin
er details, w
ݎ
n index fol
 class of m
f the under
ݐ	ሻ are the 
d market. 
 model adm
[7],[6], and
 ܭ, the fact
, the curva
݅ is the inst
HI. Precise
y our mod
s, this mean
ws signific
r for CI, a
 the marke
ve recons
al ZC bond
e have 
௧ ൌ ߜ ൅෍
ௗ
௜ୀଵ
lows the dy
݀ܫ௧
ܫ௧ ൌ ݅௧݀ݐ
ulti-factor G
lying state v
factors driv
it a clear in
 it is well k
ors can be i
ture). The 
antaneous g
ly as it w
el from the 
 is stochast
ant mean r
gain to be
t inflation f
truction fo
s is easily
ܺ௧௜ 
namics und
 
aussian mo
ariables of
ing the In
terpretation
nown that
dentified w
interpretati
rowth rate 
ill be endo
market infl
ic (probabl
eversion to
 more pre
orward curv
rmulas  
derived fro
er the risk
dels. Both 
 the model 
flation mark
. The nomi
 by choosin
ith the main
on of the i
of inflation
genous to 
ation forwa
y less volat
 CI. Then 
cise than t
e. 
m arbitrage
-neutral m
the ZC bon
݅ݐ	, ܿݐ	, ܺݐ . 
et, while t
nal market 
g diﬀerent 
 drivers of
nflation ma
 and can thu
our model
rd curve. Th
ile than i). A
the factor 
he instanta
-free constr
easure 
ds and the 
Given our 
he factors 
model is a 
scales for 
 the curve 
rket state 
s be seen 
, it is the 
e factor c 
ccording 
ܿ shall be 
neous CI 
aints. We 
 
 W
Breakev
where ܳ
standard
wh
associat
exponen
expressi
Where ܯ
that ܭ௑ i
Re
market a
nominal
on the fa
will allo
 
2.4. A m
Th
HI BEI 
the brea
this rate
e now turn
en rate for m
 stands for
 change of 
ere ்ܳ	stan
ed to the n
tial aﬃne e
on is homo
	ሺ2, 2ሻ 	ൌ
s a diagona
mark 1: L
nd the nom
 yield curve
ctors ሺ݅, ܿሻ
w an eﬃcie
arket forw
e model all
curve, we d
keven rate 
. Then we ta
 into the pr
aturity ߬ f
 the risk-ne
numeraire t
ds for the 
umeraire ܲ
xpression w
geneous in 
	 ሺܯ௜,௝	ሻ	ଵஸ௜,௝
l matrix. 
et us note 
inal marke
 only depen
. This allow
nt estimatio
ard curve
ows us to b
efine the C
for maturity
ke the follo
icing of ZC
rom ݐ and b
utral meas
echniques [
ܶ -forward 
௧,் . We ve
.r.t. the In
ݐ i.e. it only
ஸଶ	of the m
that while 
t factors, th
ds on the f
s us to con
n of the mo
 for core i
uild a “pse
I forward c
 ߬ for CI a
wing defin
Cros
IIS, let us
y ܻܫ௧,ఛ the 
ure and ࣠௧
5] we have
neutral mea
rify that th
flation mar
 depends on
atrix ߑ and
keeping a 
e model ex
actors ܺ	wh
firm the mo
del on mar
nflation 
udo” CI for
urve. Let u
nd by ܻܫܥ௧,
ition 
s-Hedging of
 note by ܤܧ
continuousl
 stands for 
sure i.e. th
e above co
ket factors 
 ߬.	
 ߑ² ൌ ߑߑ்
correlation
hibits a cer
ile the infla
del interpr
ket data. 
ward curve
s denote by
ఛ	, the conti
 Inflation De
ܫ	ሺݐ, ߬	ሻ th
y compoun
the inform
e equivalen
nditional e
݅௧	, ܿ௧ , and 
. In all the 
 structure b
tain orthog
tion forwar
etation we h
. Miming th
 ܤܧܫܥሺݐ, ߬
nuously co
rivatives on C
e date ݐ va
ded rate, we
ation at dat
t martingal
xpectation 
furthermor
following w
etween the
onality prop
d curve onl
ave given 
e construct
	ሻ the date 
mpounded 
ommodities
9
lue of the 
 have 
 
e ݐ. From 
 
e measure 
admits an 
e that this 
e assume 
 inflation 
erty. The 
y depends 
above and 
ion of the 
ݐ value of 
version of 
 
N. Fulli-L
10 
 
The dyn
Where ߠ
is given 
Where 
We inter
Remark
core ܿ fa
 
3. Em
Bo
underlyi
and mus
curve. R
setting) 
estimati
to estim
the mod
dynamic
represen
two alte
curve an
obtained
 
emaire & E
amics of th
்ሺ߬ሻ ൌ ߠ௖
by 
pret the cur
 2: Let us n
ctors, the m
pirical es
th the dyn
ng state var
t be estima
ather than p
estimation o
on procedur
ate the mod
el from a p
al assump
tation of th
rnative sign
d the forw
 by these tw
. Palidda 
e core facto
൅ ଵ௞೎ ∑ ߑ
ௗ௜ୀଵ
ve YIC as t
ote that wh
arket ܥܫ fo
timation 
amics of th
iables ሺ݅, ܿ
ted using th
roceeding 
f both the m
e; specifica
el paramete
henomenolo
tions on 
e nominal y
al processin
ard inflatio
o methods
r under the 
ଶ,ଶା௜ଶ ܤ௜ሺ߬ሻ. 
he market a
ile the forw
rward curv
of the mo
e nominal 
ሻ and ܺ. Th
e market da
to a comple
odel facto
lly, it is a s
rs but rathe
gical point
the underl
ield curve 
g methods
n curve, a
 are very cl
risk neutral
Then the ex
nticipation
ard ܪܫ cu
e is entirely
del 
and the infl
ese variabl
ta on the n
te but nece
rs and para
ignal proce
r to extract
 of view, m
ying state
(4) and of 
: a “pragma
nd a class
ose. 
 measure is
pression of
 on the futu
rve depend
 determined
ation mark
es are not d
ominal yiel
ssarily unst
meters, we 
ssing proce
 a “clean” 
eaning we 
 variables 
the inflation
tic” one ba
ic Kalman 
 given by 
 the forwar
 
re CI. 
s on both t
 by the cor
et are entir
irectly obs
d curve and
able (given
propose an 
dure. Our a
signal from
will not tes
(1) but 
 forward c
sed on the v
filtering pr
d core infla
he headline
e factor ܿ. 
ely explain
ervable in t
 the inflatio
 the high di
intuitive an
im is not n
 market dat
t the releva
only the 
urve (6). W
ariations o
ocedure. T
tion curve 
 ݅ and the 
ed by the 
he market 
n forward 
mensional 
d eﬃcient 
ecessarily 
a. We test 
nce of the 
functional 
e propose 
f the yield 
he results 
 
 
 
 3.1. Dat
Ou
maturiti
swap rat
prices o
Novemb
the 5 pi
Tickets:
 T
 T
  
3.2. Sig
Ou
and the 
curve on
3.2.1. P
In
the unde
curve ሺܻ
the serie
We esti
optimiza
Where ߬
given by
aset descr
r dataset c
es for the i
es (we only
n Wednesd
er 2007 to 
llars. These
 
icket USSW
icket US00
nal proces
r signal pr
fact the nom
ly depends
ragmatic 
 the model 
rlying state
௧భ	,ఛሻఛ	, . . . ,
s of variatio
mate the o
tion proble
ଵ	, . . . , ߬ெଵ i
 
iption 
onsists in w
nflation ma
 take 5 pill
ays (to avo
January 201
 prices we
IT1, USS
03M, US00
sing metho
ocessing m
inal yield 
 on the facto
signal pro
the movem
 variables ܺ
ሺ ௧ܻಿ,ఛ	ሻఛ	and
ns 
ptimal fact
m 
s a set of te
eekly obse
rket (4 con
ars correspo
id noise com
3, making 
re obtained
WIT2, USS
01Y, US00
dologies
ethods are b
curve only 
rs ݅ and ܿ.
cessing: “v
ents of the 
 . For each
 of the for
ors ܺ vari
nors.  The 
Cros
rvations of 
tracts in to
nding to 3 
ing from 
a total of 27
 through B
WIT5 and 
02Y, US00
ased on tw
depends on
ariations”
yield curve
 market we
ward Inflati
ations vect
above optim
s-Hedging of
prices for U
tal), and of
months, 1, 
end/beginni
3 sets of ob
loomberg, 
USSWIT10
05Y and U
o key facts
 the factors
 
 are entirel
 have an hi
on curve ሺܻ
or ߂ܺ௧న෣  a
ization pro
 Inflation De
S ZCIIS o
 the yield 
2, 5 and 10
ng of week
servations 
specifically
 for HI BEI
S00010Y f
: the homo
 ܺ, while th
y captured 
storic series
ܫ௧భ,ఛሻఛ	, . . .
s the solut
blem admi
rivatives on C
f 1, 2, 5 an
curve build
 years). We
 market jum
of the 4 ZC
 using the 
 
or the swap
geneity of t
e inflation 
by the mov
 of the nom
, ሺܻܫ௧ಿ,ఛሻఛ .
ion of the 
ts an explic
ommodities
11
d 10-year 
 from US 
 use close 
ps) from 
IIS and of 
following 
 rates 
he model, 
breakeven 
ements of 
inal yield 
 We build 
 
following 
 
it solution 
N. Fulli-L
12 
 
where w
Likewis
Where ߬
given by
where w
Le
the teno
mean re
(to keep
capacity
3.2.2. K
Ka
we refer
of the fil
emaire & E
e have defi
e, we estim
ଵ	, . . . , ߬ெଵ 
 
e have defi
t us note th
rs chosen f
version par
 interpretab
 of the mod
alman filt
lman filterin
 to [10]. Th
ter 
. Palidda 
ned 
ate the infla
is a set of t
ned 
at the optim
or the estim
ameters ݇௜	
ility of the 
el to reprod
ering 
g can natu
e SDEs (1)
tion factors
enors. The 
al factors 
ation proc
, ݇௖ and ܭ௑
factors) an
uce the var
rally apply 
 can easily 
 
above optim
only depen
edure. The
 . We claim
d that their
iations of th
to our cont
be discretiz
ization pro
d on the va
se function
 that these 
 value does
e curves. 
ext, for a de
ed in order
blem admit
lues of the 
s are entire
parameters
 not have a
tailed desc
 to derive th
s an explic
functions ܤ
ly determin
 can be arb
 major imp
ription of th
e transition
 
 
 
it solution 
 
 
 and ܦ at 
ed by the 
itrarily set 
act on the 
e method 
 equation 
 
 where Δ
i.i.d. Ga
Since th
breakev
Kalman 
where (ܹ
into imp
do not p
maximu
of robus
require 
for our 
results th
on the o
 
3.3. Num
Th
by choo
rates, th
Th
compou
inflation
consider
highly r
inflation
 is the time
ussian varia
e relationsh
en curve) an
filter. The o
௡ሻ௡	is a se
lementation
erform a p
m likelihoo
tness, espec
sophisticate
purposes. W
at do not s
bservations
erical res
e behavior 
sing diﬀere
e slope, the 
e factor ݅ i
nded) HI m
. Inflation 
 mean reve
elated to th
 curve, see 
-step, and (
bles, the sq
ip between
d the state
bservation
quence of i
 details her
roper estim
d or mean s
ially in a m
d technique
e conject
ignificantly
 noise param
ults 
of the nom
nt scales fo
curvature, e
s the instan
arket quo
rates as Int
rting dynam
e short-term
Figure 5. N
ܩ୬ሻ is a seq
uare root is
 the observ
 variables i
s equation i
ndependen
e, since it i
ation of t
quare estim
ulti-dimen
s. Limiting
ure that th
 diﬀer from
eter ܴ to s
inal interest
r ܭ௑ the fa
tc, which i
taneous ma
te. The fac
erest rates 
ics for the
 rates (2Y
ote that th
Cros
uence of ݀
 defined for
ations (yiel
s linear, the
s the follow
t Gaussian 
s not the pu
he model p
ators for th
sional settin
 ourselves 
e simple es
 the ones g
mooth the s
 rate mode
ctors ܺ wil
s illustrated
rket inflatio
tor ܿ a st
are known
 instantane
 breakeven 
e very shor
s-Hedging of
	 ൅ 	2-dime
 positive se
d curve, con
 modeling 
ing 
vectors of v
rpose of the
arameters, 
e diﬀusion
g as ours, a
to the estim
timation p
iven by the
ignal extrac
l is well kno
l naturally 
 in Figure 4
n rate. It c
ochastic lo
 to be mea
ous inflatio
rate) and th
t inflation f
 Inflation De
nsional ran
mi defined 
tinuously c
framework 
ariance R. 
 paper. As 
classic est
 parameters
nd robust e
ation of th
rocedure pr
 Kalman fil
ted from th
wn [4]. Le
be identifie
. 
an be view
ng-term m
n reverting
n ݅. These 
e long-term
utures are n
rivatives on C
dom vector
matrices an
ompounde
perfectly fi
We do not 
mentioned 
imation me
. These me
stimation p
e factors is
esented ab
ter. Yet, w
e Kalman fi
t us just me
d with the 
ed as a (con
ean of inst
, and it is 
factors hap
 rate of th
ot very liq
ommodities
13
s made of 
d 
 
d inflation 
ts into the 
 
go further 
before we 
thods use 
thods lack 
rocedures 
 suﬃcient 
ove gives 
e can play 
lter. 
ntion that 
long term 
tinuously 
antaneous 
natural to 
pen to be 
e forward 
uid in the 
N. Fulli-Lemaire & E. Palidda 
14 
 
market trades and the short-term curve is usually determined by trading desk economists. We 
therefore only used the ZCIIS of maturity longer than 2Y for our estimation. 
 
4. Filtering the oil futures signal 
A rough analysis of the US market data suggests a strong link between the slope inflation 
forward curve and the oil futures (see  
Figure 2). Our factorial inflation model allows us to map the slope of the forward curve by 
a stochastic factor ݅	 െ 	ܿ. In this section we use the Schwartz-Smith [14] model of commodities 
futures prices to filter the signal coming from the oil futures market. In the two-factor model, one 
of the factors represents the equilibrium price of the market, the second represents the short-term 
deviation in log prices and futures prices are mean reverting with respect to this factor. 
 
4.1. Model definition 
The spot price is assumed to be driven by two underlying factors. Let us denote by ୲ܵ the 
spot price of oil at time t and ݏ௧ ൌ ݈݋݃	ܵ௧ . We assume that s is the sum of two factors 
ݏ௧ ൌ 	߯	௧ ൅ ߦ	௧ 
The dynamics of the factors under the risk neutral measure are given by 
݀߯	௧ ൌ ൫െ݇߯	௧ െ ߣఞ൯݀ݐ ൅ ߪఞܼ݀ఞ 
݀ߦ௧ ൌ ൫ߤక െ ߣక൯݀ݐ ൅ ߪకܼ݀క			 
where ܼ஧ and ܼஞ are correlated standard Brownian motions with correlation parameter ߩ஧ஞ . The 
parameters ߣ஧ and ߣஞ are interpreted as the risk premiums for the factors ߯	and ߦ. We can write 
the dynamics of the log prices in the model 
݀ݏ௧ ൌ െ݇൫ݏ௧ െ ߦሚ௧൯݀ݐ ൅ ൫ߪక	, 	ߪఞ൯݀ܤ௧ 
Where ܤ௧ ൌ ൫ܼక	, ܼఞ൯ and ξ෨୲ ൌ ξ୲ ൅ ൫ஜಖି஛ಖି஛ಟ൯୩ . The log price is thus mean reverting to the 
process	ߦሚ. From risk-neutral valuation theory we have that the time ݐ price of a future of maturity 
߬ is given by 
ܨ௧,ఛ ൌ ॱொሾܵ௧ାఛ	|	࣠௧ሿ 
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Figure 4: Nominal yield curve drivers against risk factors estimated by Kalman filter. 10Y nominal rate 
against first nominal factor X1. 3M-10Y nominal slope against rescaled second nominal factor X2. 
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Figure 5: Inflation breakeven yield curve drivers against risk factors estimated by Kalman filter. 
Continuously compounded 2Y breakeven rate against rescaled factor i. 2Y-10Y breakeven slope against 
rescaled factor h-c. 
 
 
 
We then deduce the following expression for the forward price 
ܨ௧,ఛ ൌ ݁ݔ݌ቀ݁ି௞ఛ߯	௧ ൅ ߦ	௧ ൅ ܧሺ߬ሻቁ 
Where 
ܧሺ߬ሻ ൌ ߤక߬ െ 1 െ ݁
ି௞ఛ
݇ ߣఞ ൅
1
2ቆ
1 െ ݁ିଶ௞ఛ
2݇ ߪఞ
ଶ ൅ ߪకଶ߬ ൅ 2 1 െ ݁
ି௞ఛ
݇ ߩఞకߪకߪఞቇ 
Since the model is homogenous, we can mimic the estimation procedure we have applied 
for the inflation model to estimate the state variables on Brent future prices. 
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4.2. Numerical results 
The factor ߦ is interpreted as the equilibrium price of the oil market. Empirical evidence 
shows that futures prices are mean reverting around this factor as illustrated by Figure 6.  
 
Figure 6: Commodity futures prices and equilibrium price in Schwartz model estimated by Kalman filter. 
 
 
The factor ߯ takes into account the short-term variations of the futures prices, this factor is 
more volatile than the equilibrium price factor price, it is also strongly related to the futures price 
(correlation between the series of 1Y futures prices and the factor ߯ is above 87%). 
 
5. Linking commodities futures and inflation forwards 
Our modeling frameworks for inflation and oil futures allowed us to filter the rough data 
and isolate the main drivers of the market materialized through underlying factors. Our inflation 
model allowed us to build a market indicator of the spread between headline and core inflation, 
which behaves similarly to the slope of the forward inflation curve. The commodities model of 
[14] allowed us to build a market indicator of the market equilibrium price of the oil market, as 
well as an indicator of the short term fluctuations of the futures prices. 
5.1. Market estimation of core inflation 
From (2.4) and the estimated core factor ܿ, one can analyze the historic evolution of the 
market’s CI anticipations. Figure 7 shows the evolution of the HI forward against the CI forward 
reconstructed from the estimated model. Consistently with the intuition coming from the macro-
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economic analysis of the main inflation drivers, the HI BEI mean reverts to our CI BEI indicator. 
The model thus gives promising results for its capacity to isolate a market signal for CI enabling 
us to deduce a market signal for the spread between HI and CI. 
Figure 7: 2Y BEI HI vs. 2Y BEI CI. 
 
5.2. A promising relationship 
One of the aims of this work is to answer whether the strong link between the HI-CI spread 
and the commodities market is reflected in the corresponding derivatives markets. Empirical 
evidence shows that the estimated factors ݅	 െ 	ܿ	(which are the main drivers of the slope of the 
BEI curve) and the factors driving the commodities market are highly correlated and one seems 
to mean revert to the other as illustrated by Figure 8.  
As mentioned before the Inflation-linked derivatives market’s primary assets are the 
inflation-indexed bonds (these are mainly government bonds), the relationship with the 
commodities futures market seems to be so strong that it cannot be reduced to the relationship 
between HI and commodities prices. Though there is no primary market for CI based bonds, the 
model allows for an identification of a CI market indicator and a spread between a HI and CI 
market indicator which happen to be dramatically linked to the market indicators for oil prices, 
allowing the question to be answered positively. 
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Figure 8: Estimated spread ࢏࢚ െ ࢉ࢚ against equilibrium price ࣈܜ	 and short term price fluctuations ࣑ܜ . In both 
cases the correlation between the series on the period is over 82%. 
 
 
5.3. Potential trading strategies of commodities against inflation 
As interest rates hardly reflect the economic reality of OECD countries, and monetary 
policies are failing to boost Inflation, the interest for Inflation protections has increased among 
investors, boosting the demand for Inflation-linked derivatives. This increase in demand has only 
partially been fulfilled by a slight increase in inflation-indexed bond issues. The primary Inflation 
market is often too small to hedge the demand of Inflation-linked derivatives. On the other hand 
the commodities derivatives market is large enough to fill the gap and some sections of the 
commodities market are very liquid. From a hedging perspective, cross-hedging of Inflation-
linked derivatives with commodities seems a promising path. This would lead to the creation of 
CI based derivatives, which are potentially very attractive contracts for investors looking to 
hedge their long-term inflation position (such as pension funds for instance). 
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One can also look to the results of our estimation from a purely speculative point of view. 
The high correlation, and the mean reverting property of the signals ݅	 െ 	ܿ	and ߯, ߦ can be 
exploited to design an arbitrage trading strategy between oil futures and ZCIIS. However, the 
implementation of such a strategy needs to be thought through carefully. Suppose we want to 
exploit the relationship between ݅	 െ 	ܿ and ߦ. The 2Y − 10Y ZCIIS slope mean reverts towards 
݅	 െ 	ܿ	and the 1Y oil future mean reverts towards ߦ, then a natural strategy would be to go long 
when the market prices are lower than the estimated signal, and short when the market prices are 
higher than the estimated signals. Another strategy would be to build a long-short position 
depending on the position of one signal against the other. All these simple strategies require that 
we are able to roll a position on either the 2Y−10Y ZCIIS or the 1Y oil future, either directly on 
factors ݅	 െ 	ܿ and ߦ. While rolling a position on a commodity future is a fairly easy task, it is 
impossible to do so on a ZCIIS. Money management considerations are crucial to build a robust 
strategy. The appeal of the model is that in theory a position on the factor i − c (resp. ξ) can be 
replicated by diﬀerent choices of ZCIIS (resp. oil futures). However our model is not designed 
for accurate consistency with market prices, it is rather a strategic tool to analyze the market main 
trends and it must be coupled with a more accurate pricing model if one aims to build a 
sophisticated cross trading strategy. 
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6. Conclusion 
In this paper we have presented a detailed analysis of the links between the Inflation-linked 
derivatives market and the oil futures market. We proposed on the one hand a four-factor model 
for both inflation and nominal rates, and on the other hand a two-factor model for commodities. 
The inflation model allows us to break down the forward inflation curve into a part attributed to 
the market anticipations of CI and a part attributed to the spread between HI and CI. The CI 
forward curve is explicitly built from the model. The commodities model applied to the oil 
futures market allows to identify two factors which are associated to the equilibrium price and the 
short-term variations of the futures prices. The model is not designed for accurate pricing of both 
inflation-indexed and commodities derivatives, we are interested in its ability to capture the 
phenomenology of the market prices dynamics. 
A signal processing procedure allowed an estimation on the US market data on the 2007-
2013 period. We have not proceeded to an accurate estimation of the model parameter, but are 
rather interested in the estimation of the model factors, which we use as the “clean” signal 
coming from the market. Empirical results are consistent with macro-economic analysis. The 
actual BEI exhibits a mean reversion property towards the extracted market indicators for 
forward CI. The market factor of the spread between the HI and the CI appears to be highly 
correlated to the commodities market drivers. 
The results suggest that the inflation market is mature enough to build CI based derivatives, 
that can be cross-hedged using oil futures. Though the study highlights an opportunity it does 
neglect some important aspects linked to the implementation of a cross-hedging strategy, and in 
particular the money-management dimension. Though the inflation-linked derivatives market has 
soared in recent years, it is still not very liquid compared to some sections of the commodities 
futures market. A strong link is evident from our study but how to exploit it needs some 
additional work. 
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